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DEGENERATELY INTEGRABLE SYSTEMS
NICOLAI RESHETIKHIN
Abstract. The subject of this paper is degenerate integrability in Hamiltonian mechanics.
It starts with a short survey of degenerate integrability. The first section contains basic
notions. It is followed by a number of examples which include the Kepler system, Casimir
models, spin Calogero models, spin Ruijsenaars models, and integrable models on symplectic
leaves of Poisson Lie groups. The new results are degenerate integrability of relativistic spin
Ruijsenaars and Calogero-Moser systems and the duality between them.
Introduction
Degenerately integrable systems are also known as superintegrable systems and as non-
commutative integrable systems. We will use the term ”degenerate integrability” to avoid
possible confusion with supermanifolds, Lie superalgebras and supergeometry.
Degenerate integrability generalizes well known Liouville integrability of Hamiltonian sys-
tems on a 2n-dimensional symplectic manifold to the case when the dimension of invariant
tori is k < n. When k = n we have the usual Liouville integrability. First examples were
known much earlier, see for example [23][24][10] [13]. The notion of degenerate integrability
in its modern form was first introduced in [20]. Then a series of examples related to Lie
groups was found in [12].
First section is a short introduction to degenerate integrability. The rest of the paper is
a collection of examples of degenerately integrable systems. Section two describes the inte-
grability of the Kepler system, which is the classical counterpart of the Bohr model of the
hydrogen atom. Its degenerate integrability can be traced back to [23][24][10]. The next
series of examples, Casimir integrable systems, is described in section 3. These systems
can be regarded as degenerations of Gaudin models. They are important for understanding
semiclassical asymptotic of q-6j symbols for simple Lie algebras. In sections 4 and 5 spin
Calogero-Moser systems and rational spin Ruijsenaars system are described. The duality be-
tween these systems is explained. This section is a concise version of [26]. Spin generalization
of the Calogero-Moser system was first found in [15]. The better title of this section would
be spin Calogero-Moser-Sutherland-Olshanetsky-Perelomov systems [3][19][29][22]. For Li-
ouville integrability of spin Calogero-Moser systems see [17][18]. These integrable systems
were studied quite a lot. For the duality in the non-spin case see [27][21][4][9]. Duality
in the context of superintegrability in the non-spin case was futher explored in [2], where
it was shown that for spinless scattering systems the duality implies the superintegrability.
Duality between relativistic Ruijsenaars and relativistic Calogero-Moser in the non-spin case
was studied in [5][6] in the context of Heisenberg double. Further generalization of Calogero-
Moser systems was suggested in [7][8]. Section 6 contains the proof of degenerate integrability
of the relativistic spin Calogero-Moser systems, of the relativistic spin Ruijsenaars system
and the duality between them. Results from this section seem to be new. The last sections
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is based on [26]. It describes the degenerate integrability of Toda type systems on symplec-
tic leaves of simple Poisson Lie groups with standard Poisson Lie structure. The proof of
degenerate integrability in the linearized case was done in [14].
The paper was completed while the author was visiting St. Petersburg, ITMO and POMI.
This visit was supported by the project no. 14-11-00598 funded by Russian Science Founda-
tion. This work was also supported by the NSF grant DMS-0901431 and by the Chern-Simons
endowment. The author is grateful to G. Schrader and to S. Shakirov for helpful discussions.
1. Degenerate Integrable systems
1.1. Degenerate Integrable systems. An integrable system on a 2n dimensional sym-
plectic manifold is called degenerate if all the invariant submanifolds have dimension k < n.
The nondegenerate case when k = n corresponds to the usual Liouville integrability (non-
degenerate case). We will assume k ≤ n and for simplicity, some time we will refer to k = n
as a particular case of degenerate integrable systems.
Definition 1. A degenerate integrable system on a symplectic manifold (M2n, ω) consists
of a Poisson subalgebra CJ(M2n) in C(M2n) of rank 2n − k which has a Poisson center
CI(M2n) of rank k.
A Hamiltonian dynamics generated by the function H ∈ C(M) is said to be degenerately
integrable if H ∈ CI(M). If J1, . . . , J2n−k are independent functions from CJ(M), we have
{H, Ji} = 0, i = 1, . . . , 2n− k.
In other words, functions Ji are integrals of motion for H . One can say that Hamiltonian
fields generated by Ji describe the symmetry of the Hamiltonian flow generated by H . In
this sense, it is natural to call functions from CI(M2n) (Poisson commuting) Hamiltonians,
while functions CJ(M2n) with be called integrals of motion for Hamiltonians.
The level surface M(c1, . . . , c2n−k) = {x ∈M|Ji(x) = ci} of functions Ji is called generic,
relative to CI(M2n) with k independent functions I1, . . . , Ik ∈ CI(M2n) if the form dI1 ∧
· · · ∧ dIk does not vanish identically on it. Then the following holds (as shown in [20]):
Theorem 1. (1) Flow lines of any H ∈ CI(M2n) are parallel to level surfaces of Ji.
(2) Each connected component of a generic level surface has canonical affine structure
generated by the flow lines of I1, . . . , Ik.
(3) The flow lines of H are linear in this affine structure.
When k = n this theorem reduces to the Liouville integrability. As a consequence, each
generic level surface is isomorphic to Rl × (S1)k−l for some 0 ≤ l ≤ k.
The notion of degenerate integrability has a simple semiclassical meaning. In the Liouville
integrable systems when there are n Poisson commuting integrals on a 2n dimensional sym-
plectic manifold the semiclassical spectrum of quantum integrals is either non-degenerate or
has stable degeneracy which is determined by the number of connected components of fibers
in the Lagrangian fibration given by level surfaces of Hamiltonians.
In degenerate integrable systems the semiclassical spectrum of quantized commuting inte-
grals Ii is expected to be degenerate with the multiplicity h
n−kvol(p−1(b))(1 +O(h)). Quan-
tization of the Poisson algebra generated by Ji gives the associative algebra, which describes
the symmetry of the joint spectrum of quantum integrals.
Geometrically, a degenerate integrable system consists of two Poisson projections
(1) M2n pi−→ P2n−k p−→ Bk
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where P2n−k and Bk are Poisson manifolds and Bk has trivial Poisson structure. In the
algebraic setting, P2n−k is the spectrum (of primitive ideals) of CJ(M) and Bk is the spectrum
of CI(M). Fibers of p are (possibly disjoint unions of) symplectic leaves of P .
One should emphasize that degenerate integrability is a special structure which is stronger
than Liouville integrability: invariant tori now have dimension k < n. In the extreme case
of k = 1 all trajectories are periodic. A degenerately integrable system may also be Liouville
integrable, as in the case of spinless Calogero-Moser system [30].
The projection p ◦ pi :M→ Bk defines the mapping of tangent bundles d(p ◦ pi) : TM→
TBk. This gives the distribution
DB = ω
−1(ker(d(p ◦ pi))⊥) ⊂ TM
where the symplectic form ω is regarded as an isomorphism TM≃ T ∗M and ker(d(p◦pi))⊥ ⊂
T ∗M is the subbundle orthogonal to ker(d(p ◦ pi)) ⊂ TM.
Proposition 1. Leaf of DB through x ∈ M coincides with pi−1(pi(x)).
We will say that two degenerate integrable systems (M, P, B) and (M′, P ′, B′) are spec-
trally equivalent if there is a collection of mappings
• φ :M→M′, a mapping of Poisson manifolds,
• φ1 : P → P ′, a mapping of Poisson manifolds,
• φ2 : B ≃ B′, a diffeomorphism.
such that the following diagram is commutative
(2)
M
P
B
M′
P ′
B′
pi
φ
pi′
φ1
p p′
φ2
Note that the mappings φ and φ1 may not be diffeomorphisms. If they are diffeomorphisms
then the systems are called equivalent degenerately integrable systems.
1.2. Degenerately integrable systems and Lagrangian fibrations. When we have an
integrable system on a 2n-dimensional symplectic manifold M, which is a Lagrangian fibra-
tion p˜i :M→ B, and a projection pi2 : B → B of this fibration to a k-dimensional manifold
B with k < n, we can construct P as the space of leaves of of the tangent distribution
D = ker(d(pi2 ◦ p˜i))⊥,ω
Here dp : TM → TN is the differential of p : M → N and V ⊥,ω ⊂ W is the subspace of a
symplectic space W which is symplectic orthogonal to V .
From P =M/D we have a natural projection to B and a natural projection on B. If P is
smooth, i.e. if the distribution D is integrable, we have a degenerate integrable system and
a commutative diagram (3).
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(3)
M
P
B
B
pi
p˜i
pi1
p
pi2
An example of such system is the (spinless) Calogero-Moser system [30]. For other examples
see [2][5].
1.3. Action-angle variables. Degenerate integrable systems admit action-angle variables,
see [20].
For a generic point c ∈ P2n−k the level surface pi−1(c) admits angles coordinates ϕi. This
is an affine coordinate system generated by the flow lines of Hamiltonian vector fields of
integrals I1, . . . Ik [20]. In a tubular neighborhood of p
−1(c) the symplectic form ω onM can
be written as
ω = ωc +
k∑
i=1
dϕi ∧ dIi,
where ωc is the symplectic form on the symplectic leave through c in P2n−k.
The rest of the paper will focus on specific examples of degenerately integrable systems.
2. Kepler system
In this case the phase space is M = R6 with coordinates, pi, qi, i = 1, 2, 3 and with
symplectic form
ω =
3∑
i=1
dpi ∧ dqi
The Hamiltonian is
H =
1
2
p2 − γ|q|
The non-commutative Poisson algebra of integrals is generated by momenta Mi and compo-
nents of the Lenz vector Ai:
M1 = p2q
3 − p3q2, M2 = p3q1 − p1q3, M3 = p1q2 − p2q1
A1 = p2M3 − p3M2 + γ q
1
|q| , A2 = p3M1 − p1M3 + γ
q2
|q| , A3 = p1M2 − p2M1 + γ
q3
|q|
In vector notations M = p × q and A = p ×M + γ q|q| . Components of M and A have the
following Poisson brackets:
(4) {Mi,Mj} = εijkMk, {Mi, Aj} = εijkAk, {Ai, Aj} = −2HεijkMk
{H,Mi} = {H,Ai} = 0
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The momentum vector M and the Lenz vector A satisfy extra relations
(5) (M,A) = 0, (A,A) = γ2 − 2(M,M)H
Denote by P5 the 5-dimensional Poisson manifold which is a real affine algebraic subman-
ifold in R7 with coordinates Mi, Ai, H defined by relations (5) and with Poisson brackets
(4).
Formulae for M , A, and H in terms of p and q coordinates describe the Poisson projection
R6 → P5. The following describes level surfaces of H in P5.
The level surface H = E < 0 is the coadjoint orbit O−E ⊂ so(4)∗. This orbit is isomorphic
to S2 × S2 where each S2 has radius γ/√2|E| and S2 × S2 is naturally embedded into
so(3)∗×so(3)∗ ≃ R3×R3. We used the natural isomorphism so(4)∗ ≃ so(3)∗×so(3)∗, where
left and right so(3)∗ components are given by Li =Mi − Ai√
2|E| and Ri =Mi +
Ai√
2|E| .
The level surface H = 0 is coadjoint orbit in e(3)∗ which is isomorphic to TS2 and the
sphere has radius γ, (A,A) = γ2.
The level surface H = E > 0 is the hyperboloid OE which is the coadjoint orbit in
so(3, 1)∗ with natural coordinates M and B = A√
2E
and with Casimir functions (M,B) = 0
and (B,B)− (M,M) = γ2.
All of these level surfaces are symplectic manifolds, and we just described symplectic leaves
of the Poisson manifold P5.
This structure correspond to the following sequence of Poisson maps:
R
6 → P5 → R
where
(6) P5 ≃ ⊔E<0S2 × S2 ⊔E=0 TS2 ⊔E>0 OE
The first projection is the map (p, q)→ (M(p, q), A(p, q), H(p, q)) and the second one projects
P5 to the E-axis.
3. Casimir integrable systems
3.1. Casimir integrable systems. In this section, G is a complex algebraic group and g is
its Lie algebra. The phase space of the complex algebraic Casimir system is the Hamiltonian
reduction of the product of coadjoint orbits O1 × · · · × On
MO1,...,On = {(x1, . . . , xn) ∈ O1 × · · · × On|x1 + · · ·+ xn = 0}/G
Here we assume that each orbit is regular (passes through a regular element of h∗).
The coadjoint action of the Lie group G on g∗ is Hamiltonian. The moment map O1 ×
· · · × On → g∗ for the diagonal action of G on O1 × · · · × On acts is
(x1, . . . , xn) 7→ x1 + · · ·+ xn
It is G-invariant, therefore we have a natural map of Poisson manifolds
(7) µ˜ : M˜O1,...,On = (O1 × · · · × On)/G→ g∗/Ad∗G
Here we will assume that the quotient space is the GIT quotient. The Hamiltonian reduction
gives symplectic leaves of Poisson manifold M˜O1×···×On:
MO1,...,On|On+1 = µ−1(On+1)/G
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We have natural symplectomorphisms:
MO1×···×On|On+1 ≃MO1,...,On,−On+1
and MO1,...,On =MO1,...,On|{0}.
Define the Poisson manifold PIJ as the fibered product1.
PI,J = M˜Oi1 ,...,Oik ×˜g∗/GM˜Oi1 ,...,Oik
where (I, J) is a partition of (1, . . . , n) and the twist is x 7→ −x, and projections in the
fibered product are given by (7). The following Poisson maps define the Casimir integrable
system in the complex algebraic setting:
MO1,...,On → PI,J → BI,J ⊂ g∗/Ad∗G
where BI,J is the image of the last map and the maps are
Ad∗G(x1, . . . , xn) 7→ (Ad∗G(xi1 , . . . , xik), Ad∗G(xj1 , . . . , xjn−k)) 7→
Ad∗G(xi1 + · · ·+ xik) = Ad∗G(−xj1 − · · · − xjn−k)
The variety BI,J has dimension r but it is, generically, smaller then g
∗/Ad∗G.
3.2. ”Relativistic” Casimir systems. We will keep the same data as in the previous
sections. Let Ci ⊂ G be conjugation orbits, i = 1, . . . , n. The moduli space of flat G-
connections on a sphere with n punctures is a Poisson manifold with the Atiyah-Bott Poisson
structure. Fixing conjugacy classes of holonomies around punctures, gives a symplectic leaf
of this Poisson manifold:
MC1,...,Cn = {(g1, . . . , gn) ∈ C1 × · · · × Cn|g1 . . . gn = 1}/G
where G acts on the Cartesian product by diagonal conjugations. The Poisson structure on
the moduli space itself, i.e. on M = {(g1, . . . , gn) ∈ G × · · · × G|g1 . . . gn = 1}/G can be
described using classical factorizable r-matrices as in [11].
The group G acts on the product C1×Cn by diagonal conjugations. This action is Poisson
and the mapping
C1 × Cn → G, (g1, . . . , gn)→ g1 . . . gn
is the group valued moment map for this action [1]. It commutes with the conjugation action
of G and gives the Poisson map
M˜C1,...,Cn → G/AdG
where
M˜C1,...,Cn = {(g1, . . . , gn) ∈ C1 × · · · × Cn}/G
As in the previous section, define the Poisson varieties
PI,J(C1, . . . , Cn) = M˜Ci1 ,...,Cik ×G/AdG M˜Cj1 ,...,Cjn−k
1Recall that given two projections pi1,2 :M1,2 → N , the fibered product of M1 and M2 over N is
M1 ×N M2 = {(x1, x2) ∈M1 ×M2|pi1(x1) = pi2(x2)}
If σ :M2 →M2 is a diffeomorphism, the fibered product twisted by σ is
M1×˜NM2 = {(x1, x2) ∈M1 ×M2|pi1(x1) = pi2(σ(x2))}
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where I, J is a partition (1, . . . , n) = I ⊔ J , and the twisted fibered product is defined in the
previous section. The twist is given by σ : g 7→ g−1.
Relativistic Casimir integrable system is described by the following sequence of Poisson
maps
MC1,...,Cn → PI,J(C1, . . . , Cn)→ BI,J(C1, . . . , Cn) ⊂ G/AdG
acting as
AdG(g1, . . . , gn) 7→ (AdG(gi1 . . . gik), AdG(gj1 s˙gjn−k)) 7→ [gi1 . . . gik ] = [(gj1 . . . gjn−k)−1] ∈ G/AdG
Here BI,J is the image of the last map, which has dimension r but is, generally, smaller then
g∗/Ad∗G.
Remark 1. Casimir systems are degenerations of Hitchin systems for a sphere with n punc-
tures.
4. Calogero-Moser systems
4.1. Degenerate integrability. Spin Calogero-Moser systems are parameterized by pairs
(g,O) where g is a simple Lie algebra and O is a co-adjoint orbit in g. Calogero and Moser
discovered such systems for Lie algebras of type A and coadjont orbit of rank 1. Sutherland
generalized them to trigonometric and hyperbolic potentials. Olshanetsky and Perelomov
generalized them to all simple Lie algebras and to elliptic potentials. Here we will focus on
trigonometric potentials.
The degenerate integrability of spin Calogero-Moser systems is given by the following
collection of Poisson projections.
T ∗G g∗ ×h∗/W g∗ g∗
T ∗G/AdG (g∗ ×g∗/G g∗)/G g∗/G ≃ g∗/Ad∗G
L
R
p
Here g∗×h∗/W g∗ is the fibered product of two copies of g∗ over h∗. The maps in the upper row
of the diagram act as (x, g) 7→ (x,−Ad∗g(x)), L(x, y) = x, and R(x, y) = y. Here and below
we assume that the co-adjoint bundle T ∗G is trivialized by left translations T ∗G ≃ g∗×G and
has a standard symplectic structure of a cotangent bundle. The lower horizontal sequence of
Poisson maps is at heart of degenerate integrability of spin Calogero–Moser systems [26].
Recall that classical spin Calogero-Moser systems are parameterized by co-adjoint orbits
O ⊂ g∗. For a generic co-adjoint orbit O, the phase space of the corresponding spin Calogero-
Moser system is the symplectic leaf S = µ−1(O)/G, where µ : T ∗G→ g∗ is the moment map
for the adjoint action of G on T ∗G:
µ(x, g) = x− Ad∗g(x) ∈ g∗
Here x ∈ g∗, g ∈ G.
The sequence of projections from the diagram above produces the sequence of Poisson
projections
(8) SO
pi→ PO p→ BO ⊂ g∗/G
Here
PO = NO/G, NO = {(x1, x2, x3) ∈ g∗ × g∗ ×O|x1 + x2 = x3}
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Because NO is Poisson and the action of G on it is Hamiltonian, the quotient space PO
is Poisson. Its dimension is dim(g) − 2r where r = rank(g) and its symplectic leaves are
M(O′,−O′,O). The space BO = {O′ ∈ g∗/G|MO′,−O′,O 6= ∅} has dimension r = rank(G).
Recall that we assume that O is generic.
The series of projections (9) describe the degenerate integrability of classical spin Calogero-
Moser model. The Hamiltonian of the classical spin Calogero-Moser system is the pull-back
of the quadratic Casimir from functions on g∗/G to SO. Taking into account that for generic
orbit SO ≃ (T ∗h × O//H)/W , were O//H is the Hamiltonian reduction of O with respect
to the coadjoint action of H , the Hamiltonian of classical spin Calogero-Moser system can
be written as
HsCM =< p, p > +
∑
α∈∆+
µαµ−α
(hα/2 − h−α/2)2
where p, hα are coordinate functions on T
∗h and µαµ−α is a function on O//H see [26] for
details. One can check that the Poisson algebra C(S[t]) is isomorphic to the subalgebra of
W -invariant functions from Pol(p, h±1α )⊗ C(Ot//H) with the Poisson structure
{pi, pj} = 0, {pi, hα} = αihα, {hα, hβ} = 0
Poisson algebra C(Ot//H) of functions on the Hamiltonian reduction of Ot with respect to
the Hamiltonian action of H is the quotient of the Poisson algebra of H-invariant functions
on Ot with respect to the Poisson ideal generated by Cartan components of µi.
Note that the evolution with respect to a central function F on g∗ is quite simple:
(X, g) 7→ (X, et∇F (X)g)
where ∇F is the gradient (with respect to the Killing from on g) of F . This formula becomes
somewhat complicated after the projection T ∗G→ T ∗G/G.
In the compact case, sequence of projections describing degenerate integrability of Calogero-
Moser system can be written as
(9) S[t] → ⊔[s]∈h∗/WM[s],−[s]|[t] → B[t] ⊂ h∗/W
Here the moduli space M[s1],[s2]|[t] is defined as
M[s1],[s2]|[t] = {(x1, x2) ∈ O[s1] ×O[s2]|x1 + x2 ∈ O[t]}/G
and B[t] = {[s] ∈ h∗/W |M[s],−[s]|[t] 6= ∅}. Note that B[t] is unbounded but if t 6= 0 it does not
contain the vicinity of zero.
4.2. Rank 1 orbits for SLn. In this case
µij = φiψj − δijκ,
where κ = 1
n
∑n
i=1 φiψi. The Hamiltonian reduction with respect to the action of the Cartan
subgroup introduces constraints µii = 0 which implies φiψi = κ. In this case
µijµji = φiψiφjψj = κ
2
which means, in particular, that the Hamiltonian reduction of a rank 1 orbit is a point.
The spin Calogero-Moser system for such orbits becomes Calogero-Moser system with the
Hamiltonian, which is equal to
HCM =< p, p > +
∑
i<j
κ2
4 sin(
qi−qj
2
)2
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for the compact real form of G.
5. Rational spin Ruijsenaars systems
5.1. Degenerate integrability. As before, we will assume that T ∗G is trivialized T ∗G ≃
g∗ × G by left translations. Let us denote by T˜ ∗G the Poisson manifold which is T ∗G as a
manifold, with the Poisson structure defined uniquely by the following properties:
• The Poisson algebras C∞(g∗) with the standard and C∞(G) with the trivial Poisson
structures respectively, are Poisson subalgebras in C∞(T ∗G).
• Poisson bracket between a linear function X ∈ g on g∗ and f ∈ C∞(G) is
{X, f} = (LX − RX)f
where LX and RX are the left and right invariant vector fields on G generated by X .
Note that this Poisson structure differs from the standard symplectic structure on the
cotangent bundle to a manifold. Symplectic leaves of T˜ ∗G have the form O × C, where
O ⊂ g∗ is a co-adjoint orbit and C ⊂ G is a conjugacy class.
The adjoint action of the group G (the extension of the adjoint action from G to T ∗G) on
T˜ ∗G is Poisson, thus T˜ ∗G/G has a natural Poisson structure. The symplectic leaves of this
quotient space are (O × C)/G where G acts diagonally on the product.
It is easy to check that the map T ∗G → T˜ ∗G acting as µ × id : (x, g) 7→ (x − Ad∗g(x), g),
where µ is the moment map for the adjoint G-action, is Poisson. It is clear that it commutes
with the adjoint G-actions. It induces Poisson map
(10) T ∗G/AdG → T˜ ∗G/AdG .
We also have a natural projection
T˜ ∗G/AdG → G/AdG .
acting as AdG(x, g) 7→ AdGg. This projection is also Poisson with the trivial Poisson structure
on the base.
Restricting the map (10) to the symplectic leaf SO = µ−1(O)/G of T ∗G/AdG (see section
4.1), we have the sequence of Poisson maps describing degenerate integrability of rational
spin Ruijsenaars systems
SO
p˜i→ P (O) p˜→ B(O) ⊂ G/AdG .
Here SO = {(x, g)|x − Ad∗g(x) ∈ O}/G is the symplectic leaf of T ∗G/AdG corresponding
to the coadjoint orbit O ∈ g∗, p˜i(G(x, g) = G(x − Ad∗g(x), g)), p˜(G(x, g)) = G(g). We
have P (O) = p˜i(S(O)) = (O × G)/G ⊂ T˜ ∗G/G. The fiber of the last projection over the
conjugation orbit C ∈ G/AdG is a symplectic leaf of P (O):
P (O, C) = {(x−Ad∗g(x), g)|x ∈ O, g ∈ C}/G
The space B(O) can be described explicitly: B(O) = {C|P (O, C) 6= ∅}. As in the case of the
spin Calogero-Moser, the dimension of B(O) is r, which is the same as the dimension of a
generic fiber of p˜i.
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5.2. Hamiltonians for SLn rank 1 orbits. Here we assume G = SLn. In this case we can
identify both g and g∗ with traceless n×n matrices. We also assume that O ⊂ g∗ is an orbit
through a semisimple element and that µ = x − gxg−1 ∈ O. If we choose the cross-section
of the adjoint G-action on TG, where xij = δijhi, the symplectic leaf S(O) ∈ T ∗G/G (its
open dense subset) has coordinates hi, µijµji gii. The Hamiltonian reduction imposes the
constraint µii = 0. Elements gij satisfy the equation
(11) (hi − hj)gij =
n∑
k=1
µikgkj .
We will not try to solve these equations here, in order to find Hamiltonians for rank > 1
orbits. In the next section we will do it for rank 1 case (this computation can also be found
in many other papers, see for example [20][4]).
In this case
µij = φiψj − δijκ
where κ =< φ, ψ > /n as in the rank 1 case of Calogero Moser. The equation (11) implies
(hi − hj)gij = φi
∑
k
ψkgkj − κgij
From here we have
(12) gij =
1
hi − hj + κφi
∑
k
ψkgkj
This gives the system of equations for ψiφi
(13)
n∑
i=1
φiψi
hi − hj + κ = 1
and the identity
(14) gii =
φi
κ
n∑
k=1
ψkgki
The equation (13) can be solved explicitly:
φiψi =
∏
j 6=i
hi − hj + κ
hi − hj
Equations (14) and (12) give the formula for gij
gij =
φiφ
−1
j κgjj
hi − hj + κ .
Reduced Poisson brackets are log-linear in coordinates hi, ui
2
{hi, hj} = 0, {hi, uj} = δij , {ui, uj} = 0
where ui is related to gii as
gii = ui
n∏
j 6=i
hi − hj + κ
hi − hj
2To be more precise the algebra of functions on S(O) is isomorphic to the algebra of symmetric polynomials
in pi, u
±1.
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The first two elementary G-invariant functions of g are
tr(g) =
n∑
i=1
gii ,
tr(g2) = κ2
∑
ij
giigjj
1
(hi − hj + κ)(hj − hi + κ) .
The second function gives the Hamiltonian of the rational Ruijsenaars system.
HrR = χω2(g) =
1
2
(tr(g2)− tr(g)2) = −
∑
i<j
uiuj
∏
a∈{ij},b∈{ij}∨
ha − hb + κ
ha − hb
Here {i, j} ⊂ {1, . . . , n} and {i, j}∨ is its complimentary subset. Characters of fundamen-
tal representations χωi(g) evaluated on elements g described above are classical analogs of
rational Macdonald operators.
5.3. Duality. A duality relation between (spinless) Calogero-Moser system and (spinless)
rational Ruijsenaars system was observed in [21] [9] (see also references therein). This is a
duality between two Liouville integrable systems which maps angle variables of one system
to the action variable of the other system. The duality between spin Calogero-Moser and
rational spin Ruijsenaars systems (as the duality of degenerately integrable systems) was
found in [26]. Here we will recall this property.
Let F (G(x, γ)) be the fiber of the projection pi : T ∗G/G → (g∗ ×g∗/G g∗)/G containing
G(x, γ). Recall that pi(G(x, γ)) = G(x,−Ad∗γ(x)). It is easy to see that
F (G(x, γ)) = G(x, Zxγ)
where Zx = {g ∈ G|Ad∗g(x) = x}. This fiber is the Liouville torus of the spin Calogero-Moser
system passing through the point G(x, γ). It projects to AdG(x) ∈ g∗/G on the base of the
last projection in (9). Hamiltonian flows of functions on g∗/G generate angle variable for spin
Calogero-Moser system, i.e. an affine coordinate on F (G(x, γ)). The generic fiber F (G(x, γ))
has a dimension r = rank(G).
Define F˜ (G(xγ)) as a fiber of the map pi : T ∗G/G → (T ∗G, p)/G which contains G(x, γ).
Recall that pi(x, γ) = (x−Ad∗γ(x), γ). It is easy to see that
F˜ (G(x, γ)) = G(x+ Cγ, γ)
Here Cγ = {x ∈ g∗|Ad∗γ(x) = x}. This fiber is the Liouville torus of the rational spin Rui-
jsenaars system passing through G(x, γ). Hamiltonian flows of functions on G/AdG generate
an affine coordinate system on it which is the collection of angle variables for the rational
spin Ruijsenaars system.
Theorem 2. The fibers F (G(x, γ)) and F˜ (G(x, γ)) are dual in a sense that
F (G(x, γ)) ∩ F˜ (G(x, γ)) = G(x, γ)
For rank 1 orbits, when both systems are Liouville integrable, this duality reduces to the
one from [21][4][9].
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6. Relativistic spin Calogero-Moser and spin Ruijsenaars systems
6.1. Hamiltonian structure and degenerate integrability of relativistic spin Calogero-
Moser and Ruijsenaars models. The underlying Poisson manifold for relativistic spin
Calogero-Moser system is a ”nonlinear” version of T ∗G which is known as a Heisenberg dou-
ble H(G) of G with the standard Poisson Lie structure. Equivalently, H(G)/G where G
acts by diagonal conjugations can be regarded as the moduli space of flat connections on a
punctured torus (see [11]).
As a manifold, the Heisenberg double is H(G) = G×G. A point (x, y) should be regarded
as a pair of monodromies of the local system on a punctures torus around two fundamental
cycles of the torus. The monodromy around the puncture is xyx−1y−1. The Poisson structure
on H(G) can be described in terms of r-matrices for standard Poisson Lie structure on G.
Poisson brackets between coordinate functions can be written as (see also [9][5][6]):
{x1, x2} = r12x1x2 − x1x2r21 + x1r21x2 − x2r12x1
{x1, y2} = −r21x1y2 − x1y2r21 + x1r21y2 − y2r12x1(15)
{y1, y2} = r12y1y2 − y1y2r21 + y1r21y2 − y2r12y1
Here x and y are matrix elements of x ∈ G in a finite dimensional representation3. The
matrix r12 is the result of evaluation of the universal classical r-matrix from section 7.1 in
the tensor product of two finite dimensional representations of G.
The phase space of the relativistic Calogero-Moser system is the symplectic leaf M(C)
of the moduli space H(G)/G corresponding to the conjugacy class C of the monodromy
xyx−1y−1 around the puncture. In terms of Poisson geometry, this symplectic leaf can be
described as follows.
The map H(G) → G, (x, y) 7→ x is the G-valued moment map for the left action of the
group on H(G) (regarded as non-linear version of the cotangent bundle on G trivialized by
left translations). The map H(G) → G, (x, y) → yxy−1 is the group valued moment map
for the corresponding right action of G. The map µ : H(G) → G, µ : (x, y) 7→ xyx−1y−1 is
the group valued map corresponding to the conjugation action. For details on group valued
moment maps see [1]. Thus,
M(C) = µ−1(C)/AdG ⊂ H(G)/AdG
is the symplectic leaf corresponding to the conjugacy class C of the monodromy around the
puncture.
Hamiltonians of the relativistic spin Calogero-Moser system corresponding to the conjugacy
class C are conjugation invariant functions on G, i.e. functions on G/AdG. The Hamiltonian
corresponding to f ∈ CG(G) is Hf(x, y) = f(x).
The degenerate integrability of the relativistic spin Calogero-Moser system is described by
restricting the following sequences of Poisson maps:
(16) (G×G)/AdG → (G×˜G/AdGG)/AdG → G/AdG
to the symplectic leafM(C). Here the fibered product is twisted as in the relativistic Casimir
system by g 7→ g−1 and G(x, y) 7→ G(x, yx−1y−1) 7→ Gx.
This gives:
M(C) pi1→ P1(C) p1→ B1(C) ⊂ G/AdG
3These matrix elements for finite dimensional representations form a basis in the space of regular functions
on G.
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where P1(C) = {G(g1, g2)|G(g1) = G(g−12 ), g1g2 ∈ C} and B1(C) = {C′ ∈ G/G|MC′,C′−1,C 6=
∅}. The space M(C1, C2, C3) is the moduli space of flat G-connections on an oriented sphere
with three punctures, with holonomies around punctures (in the direction of the orientation
of a sphere) being constrained to conjugacy classes C1, C2, C3. This are the same moduli spaces
that appear in relativistic Casimir systems. Symplectic leaves of P1(C, C′) are P1(C, C′) =
{G(g1, g2)|G(g1) = G(g−12 ) = C′), G(g1g2) = C} ≃ MC′,C′−1,C.
Hamiltonians of the relativistic spin Ruijsenaars system are Hf (x, y) = f(y) where f ∈
CG(G) is a function on G, invariant with respect to conjugations.
The degenerate integrability of relativistic spin Ruijsenaars system is given by restricting
maps
(G×G)/AdG→(G×G)/AdG→G/AdG
to a symplectic leaf of (G×G)/AdG. Here G(x, y) 7→ G(xyx−1y−1, y) 7→ Gy. This gives:
M(C) pi2→ P2(C) p2→ B2(C) ⊂ G/AdG
where P2(C) = {G(g1, g2)|g1 ∈ C, Gg2 = G(g1g2)} and B2(C) = {C′ ∈ G/G|MC′,C′−1,C 6=
∅}. Symplectic leaves of P2(C) are P2(C, C′) = {G(g1, g2)|g1 ∈ C, Gg2 = G(g1g2) = C′} ≃
MC′,C′−1,C. This sequence of Poisson projections describes the integrability of spin Ruijsenaars
systems.
6.2. Duality. Spin Calogero-Moser and spin Ruijsenaars systems are related by the following
transformation from the mapping class group of a torus:
Proposition 2. The mapping φ : G×G→ G×G, (x, y) 7→ (y−1, yxy−1) induces a Poisson
map on H(G)/AdG. It induces the symplectomorphism M(C) 7→ M(C) that maps the rela-
tivistic spin Calogero-Moser system to relativistic spin Ruijsenaars system and which is an
equivalence of degenerate integrable systems.
Proof. We shall complete the mapping φ to mappings φ1 and φ2 such that the diagram (2).
Choose φ1 : P(C)→ P(cC) as
G(g1, g2) 7→ G(g1g2, g2)
and and φ2 = id. It is easy to check that φ1 is Poisson. The map φ2 is obviously Poisson.
The commutativity of (2) is obvious:
G(x, y)
G(x, yx−1y−1)
G(x)
G(y−1, yxy−1)
G(Pyx−1y−1x, yxy−1)
G(yxy−1)
pi
φ
pi′
φ1
p p′
φ2
Thus, maps φ, φ1 and φ2 give the equivalence of degenerate integrable systems between spin
Calogero-Moser and spin Ruijsenaars systems. 
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Let us prove that the two systems are dual in a sense of intersection property of Liouville
tori. This can be regarded as the duality between action-angle variables.
Let pi1 be the projection
(G×G)/AdG → (G×˜G/GG)/AdG, G(x, y) 7→ G(x, yx−1y−1)
and pi2 be the projection
(G×G)/AdG → (G×G)/AdG, G(x, y) 7→ G(xyx−1y−1, y),
Denote fibers of these projections through the point G(x, y) ∈ (G× G)/AdG by F1(G(x, y))
and F2(G(x, y)) respectively.
Proposition 3. For generic (x, y) we have:
(1) F1(G(x, y)) = {G(x, yz)|z ∈ Zx} where Zx is the centralizer of x in G.
(2) F2(G(x, y)) = {G(xz, y)|z ∈ Zy}
(3) F1(G(x, y)) ∩ F2(G(x, y)) = G(x, y)
Proof. First look at the fiber F1:
F1(G(x, y)) = {G(x′, y′)|G(x, yx−1y−1) = G(x′, y′x′−1y′−1)}
If x′ = gxg−1 the condition on y′ holds if and only if y′ = gyzg−1 where zx = xz. This proves
the first statement. The proof of the second statement is completely similar. Finally, it is
clear that G(xz, y) = G(x, yz˜) where z ∈ Zy and z˜ ∈ Zx if only if z = z˜ = 1. 
6.3. Hamiltonians for rank 1 conjugacy classes in SLn. Assume that z = xyx
−1y−1 ∈
SLn belongs to the rank 1 conjugacy class. This corresponds to spinless models. For generic
rank 1 conjugacy class this means
z = udiag(qn−1, q, . . . , q)u−1
for some u ∈ SLn and q ∈ C∗. Equivalently, we can write
zij = φiψj + q
−1δij
where (φ, ψ) =
∑n
i=1 ψiφi = q
n−1 − q−1.
Hamiltonians of relativistic (nonspin) Calogero-Moser and relativistic Ruijsenaars systems
are
HrCMk = χωk(x), H
sR
k = χωk(y)
Let us compute them in appropriate coordinates.
First, assume x is semisimple and bring it to the diagonal form with eigenvalues x1, . . . , xn.
From the definition of z we have
(17) yijxj =
n∑
k=1
xkykj = φi
n∑
k=1
ψkxkykj − q−1xiyij
From here we have:
yij =
φi
∑n
k=1 ψkxkykj
xj − q−1xi
Multiplying by φiψi and taking sum over i gives the following equation for ψiφi:
n∑
i=1
ψiφixi
xj − q−1xi = 1
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Solving this equation we have
ψiφi = (1− q−1)x−1i
n∏
j 6=i
1− qxjx−1i
1− xjx−1i
When i = j, (17) implies
yii =
φi
xi(1− q−1)
∑
k
ψkxkyki
Solving this for
∑
k ψkxkyki we have
yij =
φiφ
−1
j (1− q−1)yjj
1− q−1xix−1j
Now we can compute Hamiltonians of the relativistic Ruijsenaars model in terms of yii and
xi. For the first two we have
tr(y) =
n∑
j=1
yjj
tr(y2) =
n∑
ij
(1− q−1)2yiiyjj
(1− q−1xix−1j )(1− q−1xjx−1i )
Poisson algebra C(M(C) is isomorphic to the algebra of symmetric Laurent polynomials in
yii and xi (with respect to the diagonal action of the symmetric group) with following Poisson
brackets between x and y:
{xi, xj} = 0, {xi, uj} = δijxiuj, {ui, uj} = 0
where
yii = ui
∏
j 6=i
1− q−1xjx−1i
1− xjx−1i
The Hamiltonians χωi(y) are classical analogs of Macdonald operators. The Hamiltonian
of the relativistic Ruijsenaars model is
H2 = χω2(y) = −q−1
∑
i<j
uiuj
∏
a∈{ij},b∈{ij}∨
1− q−1xax−1b
1− xax−1b
The mapping (x, y) 7→ (y, x−1) intertwines the relativistic Calogero-Moser system and the
relativistic Ruijsenaars system. So, the Hamiltonian of relativistic Calogero-Moser model is
given by essentially the same formula.
7. Characteristic systems on simple Poisson Lie groups with standard
Poisson Lie structure
7.1. Symplectic leaves and degenerate integrability of characteristic system. Stan-
dard Poisson Lie structure on a simple Lie group requires a choice of a Borel subgroup in
G. This fixes a Cartan subalgebra h, the root system and positive roots. Assuming that the
tangent bundle TG is trivialized by left translations TG ≃ g×G, the Poisson bivector field
corresponding to the standard structure is
η(x) = Adx(r)− r, r = 1
2
r∑
i=1
hi ⊗ hi +
∑
α>0
Eα ⊗ Fα
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Here α are positive roots of g, Eα;Fα are corresponding elements of the basis in g; r is the
rank of g; hi is a basis in the Cartan subalgebra h and h
i is the dual basis with respect to
the Killing form. We assume that g ∧ g ⊂ g⊗ g.
Symplectic leaves of any Poisson Lie group are orbits of the dressing action of the dual
Poisson Lie group. For a simple Lie group G with the standard Poisson Lie structure sym-
plectic leaves are known to be fibers of the fibration of double Bruhat cells over tori inside
of the Cartan subgroup H of G. Recall that a double Bruhat cell in G is the intersection of
a Bruhat cell for B and a Bruhat cell for B−:
Gu,v = BuB ∩B−vB−
where BuB is defined as BuB ⊂ G, where u ∈ W and u ∈ N(H) ⊂ G is its representative
in the normalizer of H , and B−vB− is defined similarly.
Generalized minors give a natural fibration
T u,v
Gu,v Su,v
For the explicit description of it see, for example, [25] and references therein.
Hamiltonians of the characteristic integrable system are central functions on G. There
are only r independent central functions which can be chosen as characters of fundamental
representations. Their restriction to a generic symplectic leave of G generates a degener-
ately integrable system [25]. Poisson projections describing degenerate integrability can be
described as follows:
(18) Su,v → P u,v → AdGSu,v.
Here P u,v = (Su,v × Su,v)/AdG∗ where Su,v × Su,v ⊂ G × G and the dual Poisson Lie group
G∗ is embedded in G×G as usual G∗ = {(b+, b−) ∈ B×B− ⊂ G×G|[b+]0 = [b−−1]0}, where
[b]0 is the Cartan component of b ∈ B. The first map is the diagonal embedding, the second
map is the projection to (G×G)/AdG×G followed by the projection to any of the factors in
the Cartesian product.
In other words, characteristic Hamiltonian systems are degenerately integrable and their
Liouville tori are intersections of adjoint orbits of G and of orbits of the dressing action of
G∗.
7.2. Hamiltonian flows as the factorization dynamics. Let G be a factorizable Poisson-
Lie group. Note that the standard Poisson Lie group structure on a simple Lie group is an
example of a factorizable Poisson Lie group. Let I(G) ⊂ C∞(G) be the subspace of AdG-
invariant functions on G. For factorizable Poisson Lie groups I(G) is a Poisson commutative
Poisson algebra in C∞(G).
Let G∗ be the dual Poisson Lie group to G. It has a natural embedding to G×G described
above. The multiplication in G, together with this embedding gives the mapping G∗ → G,
(b+, b−) 7→ b+b−1− . When the inverse exists for the map g 7→ (g+, g−) (in a vicinity of the
unit element in G it is unique when it exists), it is called the factorization map. Note
that at the level of Lie algebras there is always a linear isomorphism g → g∗, such that
x = x+ + x0 + x− 7→ (x+ + x02 ,−x− − x02 ). It is called the factorization isomorphism.
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The dynamics of characteristic systems can be described explicitly by the following theorem
[28]:
Theorem 3. Assume the factorization map is defined and unique on an open dense
subset of G. Then in a neighborhood of t = 0 the flow lines of the Hamiltonian flow induced
by H ∈ I(G) passing through x ∈ G at t = 0 have the form
x(t) = g±(t)−1xg±(t),
where the mappings g±(t) are determined by
g+(t)g−(t)−1 = exp (tI (dlH(x))) ,
and I : g∗ −→ g is the inverse to the factorization isomorphism. Here dlH(x) ∈ g∗ is
the left differential of H(x). For X ∈ g, assuming the left trivialization of TG we have
< dlH(x), X >=
d
dt
H(etXx)|t=0 where < ., . >: g∗ × g → C is the natural pairing (assuming
we are over C).
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